By extending Darboux method to three dimension, we present necessary and sufficient conditions for the existence of periodic orbits in three species Lotka-Volterra systems with the same intrinsic growth rates. Therefore, all the published sufficient or necessary conditions for the existence of periodic orbits of the system are included in our results. Furthermore, we prove the stability of periodic orbits. Hopf bifurcation is shown for the emergence of periodic orbits and new phenomenon is presented: at critical values, each equilibrium are surrounded by either equilibria or periodic orbits.
Introduction
Consider a community of three interacting species modelled by a Lotka-Volterra system with the same intrinsic growth rates From now on, we use the following notations: where Z 3 := {1, 2, 3} is considered in cyclic.
We denote by ψ 1 the radial projection from R 3 \ {0} to the unit sphere S 2 := {x ∈ R 3 : |x| = 1}, that is, ψ 1 (x) = x/|x|. We denote by ψ 2 the radial projection from (S 2 + ) 0 := S 2 ∩ int R 3 + to the plane π 1 := {x ∈ int R 3 + : x 3 = 1}, that is, ψ 2 (x) = x/x 3 .
Lemma 1.1 [6] . Consider the vector field F of (1.1); then there is a vector field G on (S 2 + ) 0 such that every orbit of F is projected onto that of G by the projection ψ 1 , and
where
x i x j F j (x) − bx j ,
The corresponding system is
2)
which has the following properties:
, then it has no periodic orbits;
(ii) If A 1 A 2 A 3 − B 1 B 2 B 3 = 0, then it has a nonconstant analytic first integral.
In this paper, by extending Darboux method in [1, 4] to system (1.1), we give the first integral of (1.1) if A 1 A 2 A 3 − B 1 B 2 B 3 = 0, then the predicted nonconstant analytic first integral of (1.2) in Lemma 1.1 can be obtained by ψ 1 . Furthermore, the first integral is used to give the Hopf bifurcations which generate an infinite family of neutrally stable (unstable) periodic orbits. Our bifurcation conditions include all those in [3, 5, 6] . Generally, the necessary and sufficient conditions are given for the existence of periodic orbits of (1.1). 
The proof of Theorem 1.2 is in Section 4 of this paper. Since the restriction of ψ 2 to (S 2 + ) 0 is one-one, every orbit of ( 
the corresponding system is
Suppose ν is an orbit of (1.3). Let
Then by Lemmas 1.1 and 1.3, S ν = ψ −1
2 (ν))∪{0}, and S ν is an invariant cone of (1.1). We call S ν is closed if there is a plane π such that π ∩ S ν is a closed curve in int R 3 + . 
Then γ , L ⊂ S ν . On S ν , L is tangent to γ at some point t 1 p 0 , where t 1 > 0. That is, there exists c = 0 such that
then there is δ > 0 such that
that is, L is an orbit of (1.1) with t 1 p 0 in it, this contradicts the fact that γ is a periodic orbit of (1.1) with
That is, L 1 is an orbit of (1.1) with t 1 p 0 in it, this contradicts the fact that γ is a periodic orbit of (1.1) with t 1 p 0 in it. If b > 0, c < 0, the contradiction also exists while another orbit of (1.1) is constructed,
Similar to b > 0, the contradiction also exists if b < 0, the details are omitted. Then ψ 1 (γ ) is a periodic orbit of (1.2) on (S 2 + ) 0 . It follows from Lemma 1.3 that ψ 2 (ψ 1 (γ )) is a periodic orbit of (1.3) on π 1 . Lemma 1.4 is proved. ✷ Lemma 1.5 [7] . Consider the system While we restrict our attention to π 1 , (1.3) becomes a planar system. If ∆ 1 ∆ 3 < 0 or ∆ 2 ∆ 3 < 0, there is no interior equilibrium of (1.3). By Lemma 1.5, there is no periodic orbit of (1.3). Suppose ∆ 3 = 0. If there is an equilibrium of (1.3), the set of equilibria of (1.3) must be the line
or the line
which separates π 1 into two open areas with no intersection. By Lemma 1.5, there is no periodic orbit of (1.3). It follows from Lemma 1.4 and the symmetry of ∆ 1 , ∆ 2 , ∆ 3 that
(
there is no periodic orbit of (1.1).
Suppose ∆ 3 = 0 and let
q is the unique equilibrium of (1.3), and Γ is an invariant line of (1.1).
Lemma 1.7 [7] . Consider the system
Lemma 1.8. Consider the vector field H on π 1 . If
there is no periodic orbit of (1.3) on π 1 . If
q is a center of (1.3).
, q is a saddle of (1.3), that is, the index of q is −1. It follows from Lemma 1.5 that there is no periodic orbit of (1.3).
Let
Then (1.7) becomes (1.5), where
Since d 20 + d 02 = 0, e 20 + e 02 = 0, it follows from Lemma 1.7 that the equilibrium (0, 0) of (1.5) is a center, that is, q is a center of (1.3). Lemma 1.8 is proved. ✷ Suppose the conditions in (1.6) are satisfied, then there is a family of periodic orbits of (1.3) which surround q. For such periodic orbit ν 0 of (1.3), S ν 0 is a closed, invariant cone of (1.1) which surrounds Γ . We denote by ν an orbit of (1.3); then ∀k > 0, there exists δ k > 0 such that if S ν ∩ O kq,δ k = φ, S ν is a closed, invariant cone of (1.1) which surrounds Γ .
It follows from Lemmas 1.4 and 1.8 that
, there is no periodic orbit of (1.1).
The case
We obtain the first integral of (1.1),
3 . Without loss of generality, we suppose α 3 = 0. Since
We denote by π kq the plane
I k is tangent to π kq at kq.
Since
+ , that is, a periodic orbit of (1.1). It follows from the arbitrariness of S ν and k that Theorem 2.1 is proved. ✷ For example, every orbit of the following system is either a periodic orbit or an equilibrium:
where β > 0.
Proof. Since ∆ = 0, there are α i , i ∈ Z 3 , which satisfy 
there is no periodic orbit of (1.1). 
Proof

Lemma 3.2. If
α i also satisfy the system
Proof. We extend Darboux method in [1, 4] to system (1.1) for searching a first integral. The Darboux method is based on determining pairs of polynomials
We look for an invariant of the form
We obtain
Taking into account (3.3) and imposing that U is an invariant, we obtain
where α i , s can be determined.
The following three pairs of polynomials satisfy (3.3):
we have another pair (v, w) which satisfies (3.3). Then there is an invariant of the form
Since ∆ = 0, we can obtain the unique solution of (3.6), and find that α i satisfy 2, if (B 1 A 1 ) 2 + (A 1 A 2 ) 2 + (B 1 B 3 ) 2 = 0, it follows from (3.2) that every surface S c := {x: U(x) = c} is an invariant cone of (1.1), where S c )) ; then ν is an orbit of (1.3) and S c = ψ
Lemma 3.3. Suppose that the following conditions are satisfied:
If there exists a periodic orbit of
Proof. Let γ be a periodic orbit of (1.1). Suppose
Since π 2 is an invariant plane of (1.1), then by Lemmas 1.1 and 1.3, ψ 2 (ψ 1 (π 2 )) is an invariant line of (1.3). It follows from Lemmas 1.3 and 1.4 that ψ 2 (ψ 1 (γ )) is a periodic orbit of (1.3). By Lemma 1.5, the unique equilibrium q of (1.3) must be surrounded by ψ 2 (ψ 1 (γ ) ). This contradicts the fact that ψ 2 (ψ 1 (π 2 )) is an invariant line of (1.3) with q in it. Then Proof. Since the conditions in (3.7) are satisfied, then (
It follows from Lemmas 1.3 and 1.8 that q is a center of (1.3); then the result in (i) is proved.
Since the eigenvalues of dF (p) are given by
let E c 0 be the linear spanning by the generalized eigenvectors of ± √ −∆ 1 ∆ 2 ∆ 3 /∆, and let E s be the linear spanning by the eigenvectors of −b. Then E s = {tp: t ∈ R}. Since
It follows from the center manifold theorem for flows [2] that there is a two-dimensional center manifold W 2 of (1.1) which is tangent to π at p. Since S c ∩ π is a closed curve if
For δ 0 in Lemma 3.3, it follows from the analyticity of
Since S c , W 2 are invariant manifolds of (1.1), L is a periodic orbit of (1.1). It follows from the arbitrariness of S c (with the condition 
It follows from Lemma 3. 3 Proof. We denote by γ the orbit {x(t): t 0} of (1.1). It follows from Lemma 3.4 that for δ 0 in Lemma 3.3 and η 0 in Lemma 3.4, there is
Since there is no equilibrium on S U(x(0)) ∩ S(p, δ 0 /2), it follows from Poincare-Bendixson theorem that the ω-limit set of γ is a periodic orbit γ 0 1 of (1.1). By Lemma 3.5, γ 0 1 is the unique periodic orbit of (1.1) on S U(x(0)) ∩ S(p, δ 0 /2). Since p is locally stable, then for δ 1 
, Λ is a connected area with γ 0 in it. Every orbit {y(t): t 0} of (1.1) with y(0) ∈ Λ satisfies y(t) ∈ S U(x(0)) ∩ S(p, δ 0 /2). Since there is no equilibrium on S U(x(0)) ∩ S(p, δ 0 /2) and γ 0 is the unique periodic orbit of (1.1) on S U(x(0)) ∩ S(p, δ 0 /2), then it follows from Poincare-Bendixson theorem that the ω-limit set of {y(t): t 0} is γ 0 . By the analyticity of U(x) and the arbitrariness of x(0) in O(p, δ 2 ) \ Γ , Theorem 3.6 is proved. ✷ Since the eigenvalues of dF (p) are given by 
It follows from the center manifold theorem for flows [2] 
then there exists an infinite family of neutrally unstable periodic orbits of (1.1).
Theorem 3.8 can be proved if t is replaced with −t in the proof of Theorem 3.6. The details are omitted. Similarly with Corollary 3.7, it follows from Theorem 3.8 that 
